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ABSTRACT

Several limit theorems analogous to Hopf’s ergodic theorem (but where the
usual ratio is replaced by conditional expectation with respect to certain sigma-
fields) are proved and applications to probability theory are given.

1. The problem

Classical ergodic theorems concern averages of iterates of functions under
operators derived from measure preserving transformations. This article is
devoted to a study of averages of conditional expectations of such iterates. Besides
having independent interest, these results are applicable to ratio-limit theorems
in probability theory.

Let (Q,Z, ) be a o-finite measure space, T a one-to-one invertible measure-
preserving point transformation, and E( | A) the conditional expectation operator
on L,(Q,X, n) where A is a sub o-field of Z, o-finite with respect to n. To see the
problem in its simplest setting, let T be conservative and ergodic and n(Q) = 1.
Let T also denote the operator on L, defined by (Tf)(w) = f(Tw). For positive
fe L, the ergodic theorem shows

(1.1) Ef = E(lim n-! -élr'ﬂA)g liminfE(n“ -k)él T"f]A)

and
1.2) EliminfE(n“- )y T"f[A) _s_liminfE{E(n“- z T"f[A)} = Ef.
n— o k=1 n—oo k=1

Received March 23, 1973
362



Vol. 16, 1973 CONDITIONAL EXPECTATIONS 363

Take the expectation of both sides in (1.1) and combine with (1.2) to obtain
Ef = liminfE(n“ > T*f]A).
n k=1

However, Professor D. L. Burkholder has pointed out that the construction in
[1, p. 888] produces an f and a A where

1.3) limsupE(n"’ - X T"f]A) = + co.
n k=1

S must be unbounded for (1.3) to hold, otherwise the dominated convergence
theorem and the ergodic theorem give a trivial proof of the convergence of the
conditional expectation of the iterates to the constant Ef.

The general question, then, for a conservative, ergodic transformation T, a
o-finite measure 7, and o-fields A and A both o-finite with respect to =, is: find

conditions under which
n " \ n . Ef
(1.4 E(E T f|A)/E(Z TgIA) = h(f,9,A,A) > == a.e.(n)
k=1 k=1 Eg

for fe L; and g 2 0in L, Eg > 0. The example above shows that, although
by Hopf’s theorem
E( E T"f)/( 2 T"g) S H a.e.(n)
k=1 k=1 Eg
some restriction is already necessary even in the case of finite n.

In Section 3 a few theorems are proved whose conclusion states that (1.4) holds.
But the most useful and interesting result is Theorem 3.5 in which the convergence
obtained is not a.e. but only in measure. It is this theorem which has a particularly
valuable application to Markov processes given in Section 4.

2. Notation and assumptions

We consider the background described at the beginning of the second paragraph
of the preceding section. Restrictions which are to hold throughout Section 3
will now be imposed and certain notation defined.

Our basic restriction is on the type of o-field A considered.

DEFINITION. A o-finite o-field A (with respect to =) is admissible if TA < A.
(TA is the o-field defined by: E e TA if and only if T-'E€A).
For any integer k, T*A is a o-field defined in the obvious way and is a sub-
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o-field of X. o-finiteness of A and the one-to-one measure preserving property of
T imply o-finiteness of T*A. If A is admissible, {T*A,k = 0} is a decreasing
sequence of o-finite o-fields with (1,5, T*A = A*, but A* need not itself be
o-finite (and in the most interesting cases will not be).

Take feL;(n), A admissible, and k 2 0. Set T*A = A, (A, = A) and
S = E(f ] A)). f, is a backward martingale with respect to A, (see [10]). If A* is
o-finite, lim,,,fy = E(f lA*) a.e., if A* has only sets of trivial measure,
lim,, . fi = 0 a.e. ([4], [14]). A-measurability of f implies T-*A measurability
of T*f; an easy computation using the invariance of T under n shows
@2.1) T*E(f|A) = E(T*f| T-*A)

for any integer k. Thus we may write
E( )X T"fIA) = X T,.
k=1 k=1
Our assumptions which hold throughout the paper are as follows.
0))] Only admissible o-fields are considered.

(II) T is conservative, that is, the dissipative part is z-null [5].

(IIl) T is ergodic, that is, the o-field of invariant sets (T"'E =E up to n
equivalence) is trivial.

av) a(Q) = oo.

(V) Inratios of the form (1.4), feL, and g = Ois in L, with Eg > 0.
Some of these restrictions are made simply to focus on the interesting questions
and to avoid long-winded comments about trivial cases.

3. Main results

Recall the restrictions (I)+(V) imposed in the preceding section.

THEOREM 3.1. Let A = A in (1.4). Then (1.4) is true.

ProoF. Define a transformation S by

Sf = E(Tf|A).

S is an L; operator of norm 1. Admissibility, (2.1) and properties of conditional
expectation show

S¥f = T'E(f|A) = T*f,.
Then
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n n
ha(f, 9,8, 4) =( 5 S"f) / ( 5 s"g)
k=1 k=1

converges by the Chacon-Ornstein theorem [2] proving the convergence of the
ratio in (1.4). The limit can be identified from [3].

TaroReM 3.2. Let Ny T*A = A* and (50 T*A=A* both be o-finite.
Then (1.4) is true.

ProOF. TA* =« TA, = A, foreach n,and then TA* — A*. Similarly,
T-1A* c A*. Therefore TA* = A* and also TA* = A*, Let u and v be non
negative functions in L, measurable with respect to A* and A* respectively.
It follows from the preceding that T*u and T*v are measurable with respect to
A* and A* respectively for each integer k. Then

h(f,9,8,A) = h(f,u,A,8) - h(u,v,A,A) - hy(v,9,A,A).

The first and third terms converge to Ef/Eu and Ev/Eg respectively by Theorem
3.1, and the middle term is simply

(£ m)/(Z )

which converges to Eu/Ev by Hopf’s theorem. The proof is complete.
Recall that A, = T*A for any integer k and that T*u,_, = E(T*u lA_,) for
ue L, (see 2.1).

LemMa 3.3. If
@3.D "1‘1};1 ((é1Tkuk—l)/(§=1Tkuk ))= 1 ae. (n)

for some u 2 0 in L,, then (1.4) holds for A = A, and A = A, r and s fixed

integers.

Proor. In each of the sums below, the summation is always on the index k
from 1 to n, and r and s are fixed integers. We have

Zkak_l— Ekak-i_.ETkuk—l . ETkuk
X Tkg, ZT*uy_, 2 T*u, XT*%, °

The first and third terms converge by Theorem 3.1, and the middle term tends

to 1, proving the lemma if r = — 1,5 = 0.

If s =r+1, we have
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— Zlefk+r
hn(f’ g, Ars A.s) = 3 T"gH, .
Then
k r+l
(32) T’+lhn(fsg’Ar)As) = ZT (T f)k—l

z Tk(TH Y9 )s-r-1

ETHT™* ey  ET™'f
ITHT ™" 'g),  ET"!g

Ef
Eg

by the preceding, and then h,(f, g, A,, A,) itself converges by applying T-+V to
each side of (3.2). In the general case, when s = r + a, a > 0, say,

szfk+r= Zkak+,. . Zkak+r+l Ekak+r+n—i
YT s ZT*fisrsr ET*fiprsn 2Ty,

each term converging by the preceding, and the desired conclusion follows

immediately.

THEOREM 3.4. Each one of the following conditions is sufficient for (1.4) to
hold for r and s fixed integers, A = A,, A = A;: there exists u 2 0in L,N L,
such that

(3.3) E sup |u —u_,| < oo,
k20
(3.9 liminf n‘*( z T"u) >0 ae.(n),
B0 k=1
(3.5) liminf n‘*( ) T"uk) >0  ae.(n).
n—coc k=1

ProoF. {u,} is a backward martingale with respect to {A,,n 2 0} and the
martingale differences {u, — u,_,} are orthogonal. Thus

g = u, + (un—l - un) +(uu—2 - un—l) + o +(u0 - ul)

so that, for all n

n
(3.6) X E|uy—u_y|* = E|uo—u,|* = Euj — Eu} < Euj < Ev’ < 0
k=1

by properties of conditional expectation and the fact that {u,,u} is a submartin-
gale with respect to {A,X}. Hence the series E,“’°=1E|u,‘ — Uy [2 converges, and
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by the measure-preserving property so does the series L2, E | THu, — u,_,)? |
Then %2, T(u, — u,_,)* converges a.e. (). By the Cauchy-Schwartz inequality

n " %
Z Tkluk—u,‘..ll§n*"ZTklu,‘—uk_llz}
k=1 k=1

and by the above, this implies
3.7 n~t- T T u,—u,_q |0
k=1

Divide (3.7) by n~*- X}., T*u,. Under (3.5) the result of this division tends
to zero and Lemma 3.3 can be applied to obtain the desired conclusion. (3.4) easily
implies (3.5) by taking conditional expectation and using Fatou’s theorem, so
again the conclusion follows. To prove sufficiency of (3.3), observe that Hopf’s
theorem yields for all s = 1

lim ((i Tk sup Iuj—uj"ll)/(nz Tku)) = (E Sup Iuj—uj_ll)/Eu.
n2wo \\k=3 Jes k=1 Jzs

Without loss of generality, A* may be assumed to contain sets only of measure
zero or oo, for one may extract a largest invariant, o-finite part of A* on which
Theorem 3.2 applies. Then lim,_, , 4, = 0 a.e. and by (3.3)

lim E sup |u; —u;_,| = 0.

s Jjzs

The divergence of the denominator yields

limsup (( T"lu,‘—u,‘_ll)/ z T"u)
"o k=1 k=1

< lim lim ((Z T* sup lu,—uj_ll)/( ) T"u)):o,
59® n-® k=3 Jjes k=1

It follows that

tim (14 [2, Pn- o] ) /(£ 7))
(3.8) = lim ( ( 1+ L)l:1 THu, — u,‘_,)] _) / (ké T"u)) = 0.

For each N,
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A (£ [EeneoT o
(3.9) s inf ((kizlrkuk_l) / (1 + [’élrk(u,‘—u,‘_l)]+ ))

and the monotone convergence theorem with (3.8) shows that the right side of
(3.9) converges to co as N — co. A similar argument about the negative part
proves (3.1), and so Lemma 3.3 applies. The proof is complete.

THEOREM 3.5. Let fe L. Suppose there exists an increasing sequence of
positive constants h, tending to «o with

(3.10) linnlfgp ((2. T"fk)/h ) a.e. (1)
and _
(3.11) "l_i.rg ((élT"fk)/h,,*)= 0 a.e. (m).

Then if o is a finite measure equivalent to n, and r and s are fixed

(1) lim ((E (él A,)) / (E (kZ:,IT"g[A,)))= E/ in a-measure.

Consequently, in the notation of (1.4), given any sequence {n;}, there is a further
subsequence {m;} with

Ef
ha(f,9.8,A)— Eq a.e. (n).

If (3.10) and (3.11) are replaced by

(3.10) lim ((Z T‘fk)/h) =0 ae (n)
and
3.11") lir'r'ljgf ((él T"fk)/h,,*) >0 ae (n)

respectively, then (3.12) is still valid.

Proor. Notice that by Theorem 3.1, if (3.10) and (3.11) are true for any fe L,,
they are true for all fe L,. Let f = 1, be the indicator of a A-measurable set of
finite measure. Recalling that T*f, is A-measurable, and T*f,_, is A_, measurable
for each k, by admissibility and properties of conditional expe-tation we have,
for1 £j<k
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ET/f;T* fuy = EE(T f;T*fi-1 | &) = ET/f,E(T*f-1 |8) = ETf,T*f,.
Using the invariance of the integral this implies

(B.13) ET(f;— fi- )T (fy — fi-1) = ETj_lf}—lTk-lfk—1 - Eijkafk-

Now we compute
n 2 n
B( X T'Gi=fi-0) = E( £ Tk = 407)
+2 X ETf;~f;- )T = fi-1)-

1Sj<ksn

(3.14)

The first term on the right of (3.14) converges by (3.6) and the second term is easily
seen to be

s[5 1) - 5 )
by (3.13). Thus
(3.15) E( T"(fk fk-l))z Sc+ 2E(T°fo)(jél Tff,) =c+2 ) ,-il T'f;,
where c is constant. Without loss of generality, we may assume
(3.16) 2 (kélT"j’,‘)/k,,<L< o

everywhere on 4 for n = N, N taken large enough. This follows by (3.10); for
then (3.10) holds on a subset B = A of positive = measure for n = N. Replacing
all of the above arguments with g = 15, the last term on the right in (3.15) gives

n
2 X Ty,
B j=1

and (3.16) holds everywhere on B. Hence we may and do assume (3.16) is true
on A.
For & > 0 fixed, define

v, - {(Z ra "f}‘—1))2 zo(% 'rm)z |
By (3.15) and (3.16)

G.17) ef ((): T"fk) /h) < E(él T"(f,‘—f,‘_l))z/h,,<(L+ 1)(4)

for large n. Moreover, for fixed A > 0, set
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Sy = {( i T"fk)z/h,, > (L + Dr(A)A=for n = m}.
k=1

Then (3.17) implies n(S, N U,) < Ale for n = m. Let a be equivalent to = and

finite. By (3.11), m can be taken so large that on S;, the complement of S,,

a(S,) < & whatever 1 is; in addition A may be taken so small that by absolute

continuity a(S,, N U,) <. Thus a(U,) < 26 for all large n. Since & is arbitrary

a(U,) =0, that is

(Z T fi-y )/(Z T"fk) — 1 in g-measure.
k=1 k=1

A simple adaptation of Lemma 3.3 yields the desired conclusion. If (3.10") and
(3.11') hold, (3.17) reduces to (for large n)

aen(U NU,) <& funvn((é:l T fk)z/h") < E(’E"1 T*(f, — fk_l))z/ h, = 0

for some « >0 and for arbitrarily large U with n(U) < o0. Again, this implies
a(U,) = 0 and the proof is concluded as before.

REMARK. If h, = n, (3.10") automatically holds by the ergodic theorem when
n(Q) = co. If (3.11") holds for h, = n, then we are in the situation (3.5) of
Theorem 3.4 and obtain convergence a.e. Thus Theorem 3.5 can be viewed as a
generalization of Theorem 3.4.

4. Application to probability theory
Markov processes

Let {X,,— o <n< + o} be a Markov process on a state space S with
stationary transition probabilities P*(x, E) = P(X,,EE|X0 = x) and o-finite
stationary measure . We assume the process is recurrent in the following sense;
the process satisfies condition B which states that A(E) > 0 implies P(X,eE
infinitely often | Xy = x) = 1 a.e. () on S.

A stronger, related condition is that of Harris [6]: Condition C is the same
as Condition B except that the phrase ‘‘a.e. (A) on S is replaced by ‘‘for all
x € 8”’. Condition C will not be assumed unless explicitly stated.

A induces a measure 7 in a natural way on bilateral coordinate space (with
product o-field); that A is stationary entails the invariance of © with respect to the
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shift transformation T (see, for example, [7]). This is the key correspondence
relating Section 3 to the theory of Markov processes. Condition B is equivalent
to the statement that T and = on coordinate space satisfy (II) and (III).

Let A= %(---X_1,X,) where Z(-) is the o-field generated by the set of
random variables in parenthesis. Then TA = #(-+-,X_;,X_,) < A and A
being g-finite, is admissible. A* = 7_, is the left tail o-field of the process.

Let f = 1y, ¢ g, the Xo-indicator of a set E, 0 < A(E) < 0. Then
@1 T = ET*f|4) = E(T*f| - X_1, Xo) = E(lx, e 5| Xo) = P(Xo, E)
by the Markov property (see also [10]). We then have for r > 0

(k">=:1 E(T"f[Ao)) / (él E(T"f[A_,)) ~ ( kz= IP‘(XO, E)) / (kzz 1P"(X,,E)).

From [11] it follows that

liminf (( i‘. PH(X (), E)) / ( "E PX(t, E))) = constant a.e. (n)
k=1 k=1

n—+ac

for each fixed ¢, E, when Condition B holds. A similar result can be proved for
lim sup. From Theorem 3.5 we obtain Theorem 4.1.

THEOREM 4.1. If for some te S, we have a.e. (%)

0< liﬁi:f ((é:l P(X,, E)) / (é;Pk(" E) ))

4.2)

< (5 one) () <=
h
:4:; "l_ig ((lé1 P'(X,, E))/(’é:1 P(X,, F))) = j—gg in (a) measure,

for each fixed integer r, where a is a finite measure equivalent to m, and E and
F are sets with 0 < A(E), A(F) < o. Consequently, there is a subsequence {m,}
for each given sequence {n;} with

(4.4) ((éjlpk(xo, E)) / ( S PYX, F))) j((g) ae. ().

PrOOF. Putting h, = X} _, P(t, E) in Theorem 3.5 we have (3.10) and (3.11)
holding. Then (4.3) is simply (3.12) in a particular case.
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For xeS,putv(:) = Z,‘°=°,~21,‘-P"(x, ).

CoRrOLLARY 4.2. If (4.2) holds, for each sequence {n;} there is a further sub-
sequence {m;} with

4.5) lim ((:ﬁ:l P'(x, E)) / ( > Py F))) ﬁf;

for almost all y(v,) for all x in a 2-full set.

PrROOF. As w ranges through a =n-full set, X¢(w) ranges through a A-full set of
x and then X, (w) for fixed r = 1 ranges through a P’(x, - )-full set of y. Hence
for almost all x(4), by taking a diagonal subsequence, (4.3) holds for all r = 1,
and so (4.5) holds for almost all y(v,).

THEOREM 4.3. Let X]_, PX(t,E) - o where A(E) > 0. Suppose, for some x,

(4.6) lim iar:f((kZ:‘,l P"(x,E)) / (é P, E))) _

then there is a subsequence {m;} with

my my
4.7 lim (( > Py, E))/( % PYs, E))): 0 ae.(v,),
Jow \\k=1 k=1
and there is a decreasing sequence of sets E; < E with v,(",E) = 0 and
(4.8) lim sup ((Z PX(t,E) )/(Z PX(t, E))) =
n—co k=1 k=1
for all i.

Proor. By hypothesis there is a subsequence {n;} such that, for each fixed r,

~(EPen) (£, en)

- [ Pean(E PO, 2) / (2 Pe.p))-

The sequence in the integrand converges in L, to zero with respect to P'(x, - )-
measure. Use the diagonal method to find a subsequence, say {m,}, converging
a.e. P'(x, +) for all r, hence converging to zero a.e. (v,). Now define

Fi(x,E)= P(X,eE; X, ¢4, 0<i<j|Xo=12x), k22
= P(x,E), k=1
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and

Fﬂ (x, E) = PA(x) E)'
1

rtMs8

i
IfE < A4, P(x,E) < | and is the expected number of visits to E in one visit to 4,
starting from x (seé [12, p. 645]). Let ¢ > 0 be given and let 4; be an increasing
sequence of sets converging to a v,-full set on which the ratio in (4.7) becomes
and stays lesss than ¢ for large enough m;. Then, by [12, p. 646], for any fixed 4,
my my—1 . m;—k my
4.9 IZ_IP'(t, E) = J; ‘ %ﬁl{F"‘h(t, dy) ,)_:1 P’(y,E)} + IEIF;,(t, E).

Dividing and going to the limit shows

1 £ &+ limsup (( MZJ F'Ai(t,E)) / (IE:IP’ @, E)))

Pt

e + lim sup((’% F! (t,E - A,-))/(é{.1 P'(t,E) ))

j— o =1

¢ + lim sup ((;:j P'(1,E - Ai_))/( )m:J P(z,E))).
= =1 =1

Since ¢ is arbitrary, this proves the theorem when we put E, = E — A;.

Theorem 4.1, its Corollary 4.2, and Theorem 4.3 can be used in conjunction to
prove (4.3) and (4.5) under very general conditions. The key relation one must
show is (4.2). It is not difficult to see that all random walks on the line satisfying
Condition B also satisfy (4.2). If Condition C is known to hold, it is possible to
use our results to prove

@10 (2 Pen) /(2 Po.p) 2B

A

for all x and y in a A-full set, when 0 < A(E), A(F) < oo. Thisis a result of Jain [13].
Proving this in detail now would be tedious, but we sketch a proof of this theorem:
under Condition C v,-null sets are A-null for all x. Thus if (4.6) holds, there is a
sequence {E,} decreasing to a A-null set, E; = E, with (4.8) holding. According
to [9, Th. 1], this can only happen for ¢ on a fixed A-null set (when E is fixed).
(The proof in [9] depends, however, on the ratio-limit theorem (4.10), but an
independent proof may be given of this fact). From this it will follow readily
that (4.2) is true for almost all #(1). Thus the assertions of Theorem 4.1 and its
Corollary 4.2 hold; this gives convergence of subsequences in (4.5) for all x and y
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in a A-full set. Once convergence on subsequences is known, it is not difficult to
show convergence over the entire sequence.

Strictly stationary processes

This example is more general than the preceding. We consider processes whose
finite dimensional measures (that is, distributions) are invariant under time shifts.
The measures are permitted to be o-finite. Such processes provide the most
general probabilistic examples for which the results of Section 3 hold when
T = the shift transformation.
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